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SPH: Historical Overview
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Ø Additions to SPH throughout time

Ø Fluid dynamics

Ø Gravity (in the original version, but not always included)

Ø Radiation

Ø Magnetic fields

Ø Multi-fluid physics

Ø One-fluid physics

Ø Pressure-less particles

Ø Primary reference: D. Price.  Feb 2012.  

Smoothed particle hydrodynamics and magnetohydrodynamics .  J Comp Phys. 759, 231.



SPH: Applications
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t=108400 yrs

sphNG dualSPHyiscs (unknown)
https://www.youtube.com/watch?v=B8mP9E75D08

Astrophysics                                 Engineering                                 Gaming/Movies



SPH: SPHERIC: Annual meeting
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Ø SPHERIC: European Research Community of all things SPH 

(mostly engineering, some astrophysics)



Phantom
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Ø Publically available at 

https://phantomsph.bitbucket.io

Ø Reference:

D. J. Price, J. Wurster, C. Nixon, 

T. S. Tricco, and 22 others. 

(arXiv:1702.03930)

Ø Contains only the ``best” algorithms

Ø e.g. one integration scheme, one artificial 

viscosity algorithm, etc...

Ø Algorithms can be turned off/on as required, 

and are fully parameterisable



Phantom
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Ø Publically available at 

https://phantomsph.bitbucket.io

Ø Reference:

D. J. Price, J. Wurster, C. Nixon, 

T. S. Tricco, and 22 others. 

(arXiv:1702.03930)

• Turbulence

(e.g. Tricco, Price & Federrath 2016)

• Test problems

• Star formation (including non-ideal MHD)

(e.g. Wurster, Price & Bate 2016, 2017)



SPH vs Grid: Dividing the domain
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Ø Given a domain, how do we divide it up?
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SPH vs Grid: Dividing the domain: Grid
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Ø Where are the characteristics calculated?

Ø Eulerian Grid

Ø Cells of well-defined position and volume

Ø Evolve scalars at cell-centres

Ø Evolve Vectors at cell interfaces

Grid from Zeus2D (Stone & Norman, 1992)
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SPH vs Grid: Dividing the domain: SPH
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Ø Given a domain, how do we divide it up?

Ø Lagrangian particles

Ø Each particle has a fixed mass 

Ø Characteristics are calculated 

at the particles’ locations

x [cm]

z 
[c

m
]

-5×1016 0 5×1016

-5×1016

0

5×1016

t=0 yrs



SPH vs Grid: Dividing the domain: SPH
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Ø How do we distribute the initial particles for 

uniform density (top)? For centrally condensed (bottom)?  Does it matter (Morris, 1996)?

Diehl, Rockefeller, Fryer, Riethmiller & Statler (2015); particle size represents spacing/volume



Ø Density summation

Ø Where

Ø N is number of neighbours

Ø mb is particle mass

Ø W is smoothing kernel

Ø Simplest kernel is a Gaussian:

SPH: Density
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Ø How is density calculated?

ρ(r) =

Nneigh
X

b=1

mbW (r− rb, h),

x [cm]

z 
[c

m
]

-5×1016 0 5×1016

-5×1016

0

5×1016

t=0 yrs

W (r− r
0, h) =

σ

hd
exp



−
(r− r

0)2

h2

�



SPH: Density: smoothing kernel
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Ø How is density calculated?
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SPH: Density: Smoothing kernel
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Ø How is density calculated?
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Ø Density summation

Ø Where

Ø N is number of neighbours

Ø mb is particle mass

Ø W is smoothing kernel

Ø What is h?

SPH: Density: Determining h
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Ø How is density calculated?

ρ(r) =

Nneigh
X

b=1

mbW (r− rb, h),
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Ø Density summation

Ø Where

Ø N is number of neighbours

Ø mb is particle mass

Ø W is smoothing kernel

Ø What is h?

SPH: Density: Determining h
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Ø How is density calculated?
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Ø Density summation

Ø Smoothing length relation

Ø These equations must be 

iteratively solved

Ø For a cubic spline in 3D, 

there will be Nneigh ~ 57

SPH: Density: Determining h
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Ø How is density calculated?

x [cm]

z 
[c

m
]

-5×1016 0 5×1016

-5×1016

0

5×1016

t=245 yrs

ρa =
X

b

mbWab(ra � rb, ha)

ha = η

✓

ma

ρa

◆1/3



SPH: Continuum Equations
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Ø Continuum Equations:

Ø Continuity Equation

Ø Equation of Motion

Ø Energy Equation

Ø Equation of state (e.g.)

dρ
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= �ρr · v
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SPH: Discrete Equations
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Ø Discrete Equations:

Ø Density Equation

Ø Equation of motion

Ø Energy Equation

Ø Equation of state (e.g.)

Ø where

For conversions from continuum to discrete, 

see (e.g.) Monaghan (1992, 2005), Springel (2010), Price (2012)
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SPH: Pseudo-Code
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Ø Pseudo-Code

Ø SPH

Ø Requires at most 2N2 + N iterations per step

Ø If N=106, then there are 2x1012 iterations per step

Ø Using neighbour finding algorithms requires 2NNneigh + N iterations per step

Ø If N=106, then there are 1.2x108 iterations per step

do i = 1,N

do j = 1,Nneigh

Using j, calculate density of i

enddo

enddo

do i = 1,N

do j = 1,Nneigh

Using j, calculate forces of i

enddo

enddo

do i = 1,N

Using updated forces, determine

new v, r & B of i

enddo



SPH: Sod Shock Tube
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Ø As written on the previous slide



SPH: Discrete Equations: Missing terms
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Ø Missing terms:

Ø Equation of motion

Ø Artificial viscosity

Ø Energy Equation

Ø Artificial conductivity

Various forms.

see (e.g.) Monaghan (1992, 2005), Springel (2010), Price (2012)



SPH: Sod Shock Tube
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Ø Maximal artificial viscosity and conductivity



SPMHD: Discrete Equations
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Ø SPH equation of motion is derived via a the Lagrangian (Price & Monaghan, 2004)

Ø SPMHD equation of motion requires the variational principle of                        , where

Ø After some math....

LMHD =
X

b

mb
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SPMHD: Discrete Equations
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Ø Discrete Equations:

Ø Density Equation

Ø Equation of Motion

Ø Induction Equation

Ø Energy Equation

Ø MHD stress tensor

Ø Note: In all SPMHD equations, B has been normalised such that 
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SPMHD: Continuum Equations
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Ø Continuum Equations:

Ø Continuity Equation

Ø Equation of Motion

Ø Induction Equation

Ø Energy Equation

Ø Equation of state

dρ

dt
= �ρr · v

dv

dt
= �

1

ρ
r

✓

P +
B2

2µ0

◆

I �
1

µ0

BB

�

dB

dt
= (B ·r)v �B (r · v)

du

dt
= �

P

ρ
r · v



SPMHD: Ryu-Jones Shock Tube

27

Ø As written on the previous slide



SPMHD: Ryu-Jones Shock Tube
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Ø With maximal artificial viscosity, conductivity and resistivity



SPMHD: Artificial Viscosity
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Ø Artificial viscosity

Ø Applied only to shocks
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SPMHD: Artificial Resistivity
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Ø Artificial resistivity (Tricco & Price, 2013)

Ø Always applied if there is a gradient in the magnetic field (i.e. |∇B | > 0 )
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SPMHD: Artificial Resistivity
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Ø Artificial resistivity (Price, et al, submitted)

Ø Always applied for non-zero velocity

Ø Less resistive that that from Tricco & Price (2013)



SPMHD: Artificial Resistivity
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SPMHD: Artificial Resistivity
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SPMHD: Brio-Wu Shock Tube
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Ø With maximal artificial viscosity, conductivity and resistivity



SPMHD: Discrete Equations
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Ø Discrete Equations:

Ø Density Equation

Ø Momentum Equation

Ø Induction Equation

Ø Energy Equation

Ø MHD stress tensor
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SPMHD: Discrete Equations
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Ø Discrete Equations:

Ø Density Equation

Ø Momentum Equation

Ø Induction Equation

Ø Energy Equation

Ø MHD stress tensor
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SPMHD: Tensile Instability
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Ø Tensile instability: the artificial clumping due to negative pressure (i.e. attractive forces)

Ø particle distribution & x-component of the magnetic field  in the 2.5D circularly 

polarized Alfven wave test using the (unstable) conservative SPMHD force (left figure) 

and with a stable formulation (right figure), shown after 1 wave crossing time. 



SPMHD: Tensile Instability
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Ø Momentum Equation (excluding artificial viscosity)

Ø The magnetic monopole term exists when the equations conserve energy

= 0 physically

≠ 0 numerically
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SPMHD: Tensile Instability
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Ø Momentum equation inherently includes ∇.B ≠ 0, thus needs to be removed

(Børve, Omang & Trulsen 2001, 2004; Tricco & Price 2012)

Ø fa  = 1:  removes magnetic monopoles; does not conserve energy or momentum

Ø fa = 0:  conserves energy & momentum; includes unphysical magnetic monopoles

Ø We name fa > 0 the Børve correction
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SPMHD: Tensile Instability: Brio-Wu Shock
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Ø With maximal artificial viscosity, conductivity and resistivity and Børve correction



SPMHD: Tensile Instability: Brio-Wu Shock
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Ø What is the optimal fa ?

Ø fa  = 1:  removes magnetic monopoles; does not conserve energy or momentum

Ø fa = 0:  conserves energy & momentum; includes unphysical magnetic monopoles
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SPMHD: Tensile Instability: Brio-Wu Shock
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Ø What is the optimal fa ?

Ø fa  = 1:  removes magnetic monopoles; does not conserve energy or momentum

Ø fa = 0:  conserves energy & momentum; includes unphysical magnetic monopoles

fa  = 1                                                                       fa = 0



SPMHD: Tensile Instability: Ryu-Jones
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Ø What is the optimal fa ?

Ø fa  = 1:  removes magnetic monopoles; does not conserve energy or momentum

Ø fa = 0:  conserves energy & momentum; includes unphysical magnetic monopoles

fa  = 1                                                                       fa = 0



SPMHD: Tensile Instability
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Ø What is the optimal fa ?

Ø fa  = 1:  removes magnetic monopoles; does not conserve energy or momentum

Ø fa = 0:  conserves energy & momentum; includes unphysical magnetic monopoles

Ø Recall motion in 3D without the Børve correction
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SPMHD: Tensile Instability
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Ø What is the optimal fa ?

Ø fa  = 1:  removes magnetic monopoles; does not conserve energy or momentum

Ø fa = 0:  conserves energy & momentum; includes unphysical magnetic monopoles

Ø Recall motion in 3D without the Børve correction

Ø Consider motion in a 1-D calculation:

Ø If                           , then                   , therefore the force is attractive, which leads to the 

Tensile instability
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SPMHD: Tensile Instability

46

Ø What is the optimal fa ?

Ø fa  = 1:  removes magnetic monopoles; does not conserve energy or momentum

Ø fa = 0:  conserves energy & momentum; includes unphysical magnetic monopoles

Ø Consider plasma β:

Ø β >> 1: Evolution is dominated by gas pressure

Ø β << 1: Evolution is dominated by magnetic pressure & leads to Tensile instability 



SPMHD: Tensile Instability: Børve correction
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Ø What is the optimal fa ?

Ø fa  = 1:  removes magnetic monopoles; does not conserve energy or momentum

Ø fa = 0:  conserves energy & momentum; includes unphysical magnetic monopoles

Brio-Wu (unstable with fa  = 0)           Ryu-Jones (stable with fa  = 0) 
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Ø What is the optimal fa ?

Ø fa  = 1           (Børve, Omang & Trulsen 2001; Tricco & Price 2012)

Ø 0 < fa < ½   (Børve, Omang & Trulsen 2004)

Ø If unstable only for magnetically dominated regions (i.e. β < 1) , then only subtract there:

fa =

8

<

:

1; βa  1
2� β; 1 < βa  2
0; βa > 2
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Ø fa ≡ fa(β)
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Ø As previously shown, ∇·B = 0 is not guaranteed by the SPMHD equations

Ø Option 1: Ignore

Ø Monitor               and hope it remains small
hr ·B

|B|
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Ø As previously shown, ∇·B = 0 is not guaranteed by the SPMHD equations

Ø Option 2: Clean

Ø e.g. constrained hyperbolic/parabolic divergence cleaning 

(Tricco, Price & Bate, 2016 using Dedner et al 2002 and Price & Monaghan 2005)

Ø Introduce a (non-physical) scalar field, ѱ, with energy

Ø Continuum equations

where ch is the characteristic or wave-cleaning speed

Ø Discrete equations

dB

dt
= (B · ∇)v − B(∇ · v) − ∇ψ,

d

dt

(

ψ

ch

)

= −ch(∇ · B) −
1

τ

(

ψ

ch

)

−
1

2

(

ψ

ch

)

(∇ · v).

(

dBa

dt

)

ψ

= −ρa

∑

b

mb

[

ψa

%aρ
2
a

∇aWab(ha) +
ψb

%bρ
2
b

∇aWab(hb)

]

,

d

dt

(

ψ

ch

)

a

=
ch,a

%aρa

∑

b

mb(Ba − Bb) · ∇aWab(ha) −
1

τ

(

ψ

ch

)

a

+
1

2

(

ψ

ch

)

a

∑

b

mb(va − vb) · ∇aWab(ha).

eψ =
ψ2

2µ0ρc2
h

.
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Ø As previously shown, ∇·B = 0 is not guaranteed by the SPMHD equations

Ø Option 2: Clean

Ø e.g. constrained hyperbolic/parabolic divergence cleaning 

(Tricco, Price & Bate, 2016 using Dedner et al 2002 and Price & Monaghan 2005)

Ø Introduce a (non-physical) scalar field, ѱ, with energy

Ø Continuum equations

where ch is the characteristic or wave-cleaning speed

Ø Discrete equations

dB

dt
= (B · ∇)v − B(∇ · v) − ∇ψ,

d

dt

(

ψ

ch

)

= −ch(∇ · B) −
1

τ

(

ψ

ch

)

−
1

2

(

ψ

ch

)

(∇ · v).

(

dBa

dt

)

ψ

= −ρa

∑

b

mb

[

ψa

%aρ
2
a

∇aWab(ha) +
ψb

%bρ
2
b

∇aWab(hb)

]

,

d

dt

(

ψ

ch

)

a

=
ch,a

%aρa

∑

b

mb(Ba − Bb) · ∇aWab(ha) −
1

τ

(

ψ

ch

)

a

+
1

2

(

ψ

ch

)

a

∑

b

mb(va − vb) · ∇aWab(ha).

eψ =
ψ2

2µ0ρc2
h

. • Hyperbolic Transport

• Parabolic damping

• Compression / rarefaction
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Ø As previously shown, ∇·B = 0 is not guaranteed by the SPMHD equations

Ø Option 2: Clean

Ø e.g. constrained hyperbolic/parabolic divergence cleaning 

(Tricco, Price & Bate, 2016); Fig 1.
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Ø As previously shown, ∇·B = 0 is not guaranteed by the SPMHD equations

Ø Option 3: Avoid (i.e. construction equations that enforce divergence-free)

Ø Constrained transport used by grid codes is divergence-free

Ø Constrained transport cannot be applied to SPMHD since it required computation 

of surface rather than volume integrals. 

Ø Euler Potentials

Ø Closest analogy to constrained transport in SPMHD

Ø Cannot represent winding motion or prevent dynamo processes

Ø Non-trivial to implement resistive terms

Ø Been used (e.g. Price & Bate 2007, 2008, 2009) and since abandoned in 

favour of the induction equation and cleaning

Ø Vector Potentials

Ø Numerically unstable (Price 2010)
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Ø Boundaries are optional in SPH

Ø e.g. collapse of a sphere

Ø e.g. evolution of a turbulent sphere (Bate’s cluster models)

Ø e.g. galaxy merger simulation (Wurster & Thacker 2013a,b)

t=108400 yrs
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Ø Boundaries in SPH

Ø Fixed 

Ø Periodic

Ø For Sod shock tube, periodic in y & z and fixed in x

Ø In the image, dot are active particles, circles are boundary particles

x [cm]

z 
[c

m
]

-5×1016 0 5×1016

-5×1016

0

5×1016

t=0 yrs
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Ø How do we treat boundaries for the gravitational collapse of a magnetised sphere?

x [cm]

z 
[c

m
]

-5×1016 0 5×1016

-5×1016

0

5×1016

2×10-18

4×10-18

6×10-18

d
en

si
ty

 [
g
/c

m
3
]

t=0 yrs
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Ø Embed sphere in low density medium (e.g. with density ratio 30:1)

Ø Thread magnetic field throughout the entire domain

Ø Use periodic boundaries at the edge of the box

x [cm]

z 
[c

m
]

-5×1016 0 5×1016

-5×1016

0

5×1016

2×10-18

4×10-18

6×10-18

d
en
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ty

 [
g
/c

m
3
]

t=0 yrs
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SPMHD: Example: Star formation

E.g. Bate, Tricco & Price (2014) 

Video: https://www.astro.ex.ac.uk/people/mbate/Animations/BateTriccoPrice2013_MF05.mov
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x [cm]

z 
[c

m
]

-1×1016 -5×1015 0 5×1015 1×1016
-1×1016

-5×1015

0

5×1015

1×1016

t=26540 yrs

Ø Cross section of particle positions



Running Phantom

61Pillars of Creation in Eagle Nebula

(source: APOD, Jan. 7, 2015)

ØInstall Phantom in the home directory

ØIn your run-directory, call 

phantom/scripts/writemake.sh SETUP > Makefile

Øwhere SETUP = shock for the Sod shock tube test, or SETUP = mhdshock for MHD shocks

ØCompile Phantom via 

make SYSTEM=gfortran; make setup SYSTEM=gfortran

Øwhere gfortran can be replaced with other systems, e.g., ifort

ØRun phantom setup via

./phantomsetup INFILE

Øwhere INFILE is the run name (e.g.) sod

ØModify INFILE.in as required

ØRun phantom via

./phantom INFILE.in

β



Conclusions

ØParticles of fixed mass are used to represent the fluid

ØProperties are calculated at a particle’s position using a smoothing kernel and its neighbours

ØSmoothing length is adaptive

ØSmoothed particle magnetohydrodynamics requires

Øartificial resistivity for stability

Øsubtraction of magnetic monopole from equation of motion (tensile instability)

Ødivergence cleaning to remove magnetic monopoles

Øboundaries

ØThis presentation is available at: http://www.astro.ex.ac.uk/people/wurster/files/spmhd.pdf

ØContact info: j.wurster [at] exeter.ac.uk
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James Wurster 
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